Chapter 3 Linear Programming: Computer Solution and Sensitivity Analysis
Computer Solution
· Early linear programming used lengthy manual mathematical solution procedure called the Simplex Method (See CD-ROM Module A).

· Steps of the Simplex Method have been programmed in software packages designed for linear programming problems.

· Many such packages available currently.

· Used extensively in business and government.

· Text focuses on Excel Spreadsheets and QM for Windows.
Linear Programming Problem: Standard Form
· Standard form requires all variables in the constraint equations  to appear on the left of the inequality (or equality) and all numeric values to be on the right-hand side.

· Examples:

· x3 ( x1 + x2  must be converted to x3 - x1 - x2 ( 0

· x1/(x2 + x3) ( 2  becomes x1 ( 2 (x2 + x3) 


and then   x1 - 2x2 - 2x3 ( 0 

· Sensitivity analysis (or post-optimality analysis) is used to determine how the optimal solution is affected by changes, within specified ranges, in:

· the objective function coefficients

· the right-hand side (RHS) values

· Sensitivity analysis is important to the manager who must operate in a dynamic environment with imprecise estimates of the coefficients.  

· Sensitivity analysis allows him to ask certain what-if questions about the problem.

Objective Function Coefficients
· Let us consider how changes in the objective function coefficients might affect the optimal solution.

· The range of optimality for each coefficient provides the range of values over which the current solution will remain optimal.

· Managers should focus on those objective coefficients that have a narrow range of optimality and coefficients near the endpoints of the range.

Range of Optimality
· Graphically, the limits of a range of optimality are found by changing the slope of the objective function line within the limits of the slopes of the binding constraint lines.

· The slope of an objective function line, Max c1x1 + c2x2, is -c1/c2, and the slope of a constraint, a1x1 + a2x2 = b, is   -a1/a2.
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Standard form requires all variables in the constraint equations  to appear on the left of the inequality (or equality) and all numeric values to be on the right-hand side.

· Examples:

· x3 ( x1 + x2  must be converted to x3 - x1 - x2 ( 0

· x1/(x2 + x3) ( 2  becomes x1 ( 2 (x2 + x3) 


and then   x1 - 2x2 - 2x3 ( 0 
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Beaver Creek Pottery Example Sensitivity Analysis
· Sensitivity analysis determines the effect on the optimal solution of changes in parameter values of the objective function and constraint equations.

· Changes may be reactions to anticipated uncertainties in the parameters or to new or changed  information concerning the model.
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Objective Function Coefficient Sensitivity Range 

The sensitivity range for an objective function coefficient is the range of values over which the current optimal solution point will remain optimal.

· The sensitivity range for the xi coefficient is designated     as ci.
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Changes in Constraint Quantity Values Sensitivity Range 

· The sensitivity range for a right-hand-side value is the range of values over which the quantity’s value can change without changing the solution variable mix, including the slack variables.
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Constraint Quantity Value Ranges by Computer Excel Sensitivity Range for Constraints 
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Shadow Prices (Dual Variable Values)
· Defined as the marginal value of one additional unit of resource.

· The sensitivity range for a constraint quantity value is also the range over which the shadow price is valid.

[image: image25]

[image: image26]
Problem Example
· Two airplane parts: no.1 and no. 2.

· Three manufacturing stages: stamping, drilling, milling.

· Decision variables:  x1 (number of part no.1 to produce)

                                    x2 (number of part no.2 to produce)

· Model: Maximize Z = $650x1 + 910x2

                  subject to:

                             4x1 + 7.5x2 ( 105 (stamping,hr)

                          6.2x1 + 4.9x2 ( 90 (drilling, hr)

                          9.1x1 + 4.1x2 ( 110 (finishing, hr)

                                       x1, x2 ( 0 
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Example 2

Olympic Bike is introducing two new lightweight bicycle frames, the Deluxe and the Professional, to be made from special aluminum and steel alloys.  The anticipated unit profits are $10 for the Deluxe and $15 for the Professional.  The number of pounds of each alloy needed per frame is summarized below.  A supplier delivers 100 pounds of the aluminum alloy and 80 pounds of the steel alloy weekly.  

                       
               Aluminum Alloy     Steel Alloy
             Deluxe        
   
       2                           3

             Professional                         4               
     2

How many Deluxe and Professional frames should Olympic produce each week?

· Model Formulation

· Verbal Statement of the Objective Function


      Maximize total weekly profit.

· Verbal Statement of the Constraints


      Total weekly usage of aluminum alloy < 100 pounds.


      Total weekly usage of steel alloy < 80 pounds.

· Definition of the Decision Variables

    x1 = number of Deluxe frames produced weekly.

          x2 = number of Professional frames produced weekly.

Max   10x1 + 15x2
(Total Weekly Profit) 



 s.t.        2x1 +   4x2  <  100    (Aluminum Available)



              3x1 +   2x2  <    80
(Steel Available)



                 x1, x2  >  0
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· Optimal Solution



According to the output:




  x1 (Deluxe frames)  
=  15




  x2 (Professional frames)  
=  17.5




  Objective function value  
=  $412.50

· Range of Optimality

Question: Suppose the profit on deluxe frames is increased to $20.  Is the above solution still optimal?  What is the value of the objective function when this unit profit is increased to $20?

Answer: The output states that the solution remains optimal as long as the objective function coefficient of x1 is between 7.5 and 22.5.  Since 20 is within this range, the optimal solution will not change.  The optimal profit will change:  20x1 + 15x2 = 20(15) + 15(17.5) = $562.50.

Question: If the unit profit on deluxe frames were $6 instead of $10, would the optimal solution change?

Answer: The output states that the solution remains optimal as long as the objective function coefficient of x1 is between 7.5 and 22.5.  Since 6 is outside this range, the optimal solution would change.

100% Rule
· The 100% rule states that simultaneous changes in objective function coefficients will not change the optimal solution as long as the sum of the percentages of the change divided by the corresponding maximum allowable change in the range of optimality for each coefficient does not exceed 100%.

· Range of Optimality and 100% Rule


Question


If simultaneously the profit on Deluxe frames was raised to $16 and the profit on Professional frames was raised to $17, would the current solution be optimal?


Answer


If c1 = 16, the amount c1 changed is 16 - 10 = 6 .  The maximum allowable increase is 22.5 - 10 = 12.5, so this is a  6/12.5 = 48% change.  If c2 = 17, the amount that c2 changed is 17 - 15 = 2.  The maximum allowable increase is 20 - 15 = 5 so this is a 2/5 = 40% change.  The sum of the change percentages is 88%.  Since this does not exceed 100%, the optimal solution would not change.

· The 100% rule states that simultaneous changes in right-hand sides will not change the dual prices as long as the sum of the percentages of the changes divided by the corresponding maximum allowable change in the range of feasibility for each right-hand side does not exceed 100%.

· Range of Feasibility and Sunk Costs


Question


Given that aluminum is a sunk cost, what is the maximum amount the company should pay for 50 extra pounds of aluminum?  
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· Range of Feasibility and Sunk Costs

Answer: Since the cost for aluminum is a sunk cost, the shadow price provides the value of extra aluminum.  The shadow price for aluminum is the same as its dual price (for a maximization problem). The shadow price for aluminum is $3.125 per pound and the maximum allowable increase is 60 pounds.  Since 50 is in this range, then the $3.125 is valid.  Thus, the value of 50 additional pounds is = 50($3.125) = $156.25.[image: image29.png]
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Maximize   Z = $40x1 + $50x2 subject to: 


	  x1 + 2x2 ( 40 hr of labor


	4x1 + 3x2 ( 120 lb of clay


  	  x1, x2 ( 0
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